We study the entanglement of formation and quantum phase transition in a one-dimensional quantum dots system with disorder modeled by the Hubbard Hamiltonian. The entanglement for three different cases has been studied: The pure case; the impurity case of a symmetric electron hopping and an impurity case of an asymmetric electron hopping. We have found that the local entanglement of the system can be tuned by introducing different impurities characterized by the physical parameters of the system. In particular, for certain parameters, the entanglement is negligible up to a critical point U c , where a quantum phase transition occurs, and is different from zero above U
I. INTRODUCTION
needs to be considered is the electron repulsion on each dot, which can be characterized by the size of the dots. These two effects can be described by the electron hopping parameter t and the Coulomb repulsion parameter U , by adjusting these two parameters, one can tune the entanglement of the system, which is very important in quantum information processing.
Quantum entanglement is one of the most important concepts in quantum information theory and quantum computation [12] [13] [14] [15] . The non-local correlations exhibited by the states of quantum systems are key to the implementation of quantum information processing technologies [16] [17] [18] [19] [20] [21] [22] [23] . It has been realized that quantum entanglement can be used as a controllable physical resource [24] . Quantum entanglement is also relevant to quantum phase transition. Osterloh et.al [25] among others [26] [27] [28] connected the theory of critical phenomena with quantum information by exploring the entangling resources of a system close to the quantum critical point in a class of one-dimensional magnetic systems. Recently [29] , we have demonstrated that for a class of one-dimensional magnetic systems entanglement can be controlled and tuned by varying the anisotropic parameter in the XY-Hamiltonian and by introducing impurities into the systems in the equilibrium state. Gu et al. [35] show that for the one-dimensional extended Hubbard model, quantum phase transition can be identified at places where local entanglement is maximum or its derivative is singular.
Finding a measure of the quantum entanglement is an important issue in the field of quantum information and computation. For a fermion system, there exist several measures of the quantum entanglement, the Wootters' measure for the spin-only entanglement of localized distinguishable particles [30] , the Schliemann's measure [31, 32] and Zanardi's measure [33] . In this paper, we will follow the work of Gittings and Fisher [34] by using the von Neumann entropy as an entanglement measure, to study the entanglement of formation in the one-dimensional Hubbard model when disorder of electron hopping is introduced.
II. ENTANGLEMENT IN THE ONE-DIMENSIONAL HUBBARD MODEL
We consider an array of quantum dots modeled by the one-dimensional Hubbard Hamiltonian of the form
where t ij stands for the hopping between the nearest neighbor sites for the electrons with the same spin, i and j are the neighboring site numbers, σ is the electron spin, c + iσ and c jσ are the creation and annihilation operators, U is the Coulomb repulsion for the electrons on the same site. The periodic boundary condition is applied.
The entanglement measure is given by von Neumann entropy [33] 
where T r j denotes the trace over all but the jth site, |Ψ > is the antisymmetric wavefunction of the fermions system and ρ j is the reduced density matrix. Hence E j actually describes the entanglement of the jth site with the remaining sites.
In the Hubbard model, the electron occupation of each site has four possibilities, there are four possible local states at each site, |ν
|ν j > j can be used as basis vectors for the system. The entanglement of the jth site with the other sites is given by [35] 
where the local density matrix is site independent since the Hamiltonian is invariant under translation and is given by
with w =< n j↑ n j↓ >= T r(n j↑ n j↓ ρ j ) (5)
The Hubbard Hamiltonian can be rescaled by dividing it with the electron hopping parameter t = t ij . Thus, after rescaling the electron repulsion becomes U/t.
In the ideal case, we can expect an array of the quantum dots to have the same size and distributed evenly, so that the parameters t and U are the same everywhere respectively.
We call this the pure case. In fact the size of the dots may not be the same and they may not be evenly distributed, which we call the impurity case. In this paper, we consider two types of impurities. The first one is to introduce a symmetric hopping impurity t between two neighboring dots and the rest of the sites with hopping parameter t, the second one is to introduce an asymmetric electron hopping t between two neighboring dots, the right hopping is different from the left hopping, while the rest of the sites with hopping parameter t.
A. Pure Case
In the pure case, for the one-dimensional Hubbard model with half-filling electrons, we
− w, and the entanglement is given by
Consider the particle-hole symmetry of the one-dimensional Hubbard model, one can
The minimum of the entanglement is 1 as U → ±∞. As U → +∞ all the sites are singly occupied the only difference is the spin of the electrons on each site, which can be referred as spin entanglement. As U → −∞, all the sites are either doubly occupied or empty, which is referred as space entanglement. The maximum of the entanglement is 2 at U =0, which is the sum of the spin and space entanglement of the system. The ground state of the onedimensional Hubbard model at half filling is metallic for U < 0, and insulating for U > 0, U = 0 is the critical point for the metal insulator transition, where the local entanglement reaches its maximum. In figure (1) we show the entanglement as a function U/t for six sites and six electrons. Our results are in complete agreement with exact one obtained by Bethe ansatz [35] .
The good agreement for the calculated entanglement obtained from the Bethe ansatz (number of sites equals 70 and ∞) and exact diagonalization technique (number of sites equals 10) [35] and our calculations (number of sites equals 6) justifies the validity of our results using small clusters of sites to study other impurity cases.
B. Impurity Case A: Symmetric Electron Hopping
In this case we introduce an impurity of symmetric electron hopping in the first two sites, t = t 21 = t 12 = t(1 + α), the electron hopping on the rest of the sites is still scaled as t. From figure (2), we can see that the minimum entanglement is 1 as U → ±∞ , and the maximum entanglement is 2 at U = 0. The local entanglement on sites 1 and 2 as well as on other sites are symmetric. The only difference from the pure case is that the curve becomes broader, since as α increases the quantity |U/t | decreases. Physically, this means that the contribution from space entanglement (as U/t > 0) or spin entanglement (as U/t < 0) increases as |U/t| close to 0. The features displayed by the entanglement indicates that for the ground state of the one-dimensional Hubbard model at half filling when an impurity of symmetric electron hopping is introduced, the critical point U c = 0 separate the metal phase from the insulator phase. Thus, at this critical point the system undergoes a quantum phase transition.
C. Impurity Case B: Asymmetric Electron Hopping
An impurity of asymmetric electron hopping can also be introduced to the pure case, which could happen when the dots are in different potentials. We set the electron hopping from site 1 to site 2 as t = t 21 = t(1 + α). However, the hoping from site 2 to site 1 as well as all other electron hopping are t. We can obtain the entanglement on sites 1 and 2
with α = 0, 1, 2, 3 as shown in figure(3) . The entanglement is no longer symmetric when the asymmetric impurity is introduced, the maximum of the entanglement shifts from U = 0, and is less than 2. The minimum of the entanglement is less than 1 and decreases as α increases when U → −∞. The entanglement goes to 1 as U → +∞. This can be explained as in the half filling model, when U → +∞ all the sites are singly occupied and the occupation number of spin-up electrons equals the occupation number of spin-down electrons; when U → −∞, since the electron hopping from site 1 to site 2 is easier such that the occupation number w =< n 1↑ n 1↓ > on site 1 is smaller and on site 2 is bigger, they compensate each other, the entanglement on these two sites are exactly the same.
When U/t < 0, where the space entanglement makes up the main contribution to total entanglement of the system, the probability of site 1 and site 2 to be doubly occupied and empty is not balanced, this causes the entanglement to be lower than 1. This feature is more clear when α is increased, figure (4) shows how the entanglement when α is set to 1000. Here the interesting point is that the maximum entanglement can be reached at U > 0, which means that the state corresponding to the maximum entanglement can be obtained by adjusting the parameters t, t and U . The same feature can also be obtained from the entanglement on the other sites. filling when an asymmetric impurity of electron hopping is introduced, the critical point for the quantum phase transition occurs at a point U c > 0. When U ≤ U c the system is metallic and when U > U c the system is insulating. For the one-dimensional Hubbard model system, when an asymmetric electron hopping impurity is introduced, we can imagine that there is another site above the one-dimensional chain between sites 1 and 2 the electron can also hopping through this site, so an extra channel for electron hopping is introduced. In fact such a system can be viewed as a two-dimensional system. In our previous study [36] , we have shown the existence of the critical point at U c > 0 for metal-insulator transition (MIT) and the close relation with the entanglement for two-dimensional Hubbard model systems.
In summary, we have studied the entanglement of an array of quantum dots modeled by the one-dimensional Hubbard Hamiltonian in three different cases. The entanglement in the pure case and the impurity of symmetric electron hopping case A is maximum at the critical point U c = 0 for the metal insulator transition. In the asymmetric electron hopping case B the maximum of the entanglement indicates a critical point at U c > 0. Moreover, we have found that the local entanglement of the system can be tuned by introducing different impurities characterized by the system parameters U , t and t . In particular, for certain parameters, the entanglement is very small up to a critical point U c , where a quantum phase transition occurs, and is different from zero above U c . This can be used in quantum information processing where entanglement plays an important role. The system can be prepared to the desired state contains a certain amount of entanglement, then some quantum operation can be applied to the system for quantum control. 
